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Abstract: Understanding the mechanical properties of diaphragms is crucial for the reliability
and performance of Nano Electro Mechanical Sensors (NEMS). There are various methods
documented for characterizing micro materials. One well-established nondestructive approach
is the bulge test, which is effective for examining the mechanical traits of diaphragms. This
study aims to enhance NEMS performance by exploring how a Nano rectangular diaphragm
(NRD), created from a new material within NEMS, behaves mechanically through an improved
bulge test technique. The NRD is made from layers of basalt fiber reinforced polymer (BFRP)
laminate composites, sized at the nanoscale, and was tested at room temperature for plane-
strain bulging. Before applying any loads, the NRD is pre-stressed to eliminate any initial
deflection and then securely clamped between two plates. A differential pressure is applied,
causing deformation in the laminated composite NRD. This setup makes the plane-strain bulge
test well-suited for analyzing the mechanical properties of the laminated composite NRD in
both elastic and plastic states. We derived an exact solution to the governing equations for the
symmetric cross-ply BFRP laminated composite NRD, taking into account the impact of
residual strength from the pre-stressed condition. The relationship between stress and strain for
the BFRP laminated composite NRD was determined through hydraulic bulging tests, and we
analyzed the gradual thickness changes at different points of the hemisphere formed during the
bulge test. We can also extend a finite element model (FEM) to analyze the BT outcomes and
look into how pre-stress influences the pressure testing, comparing results from the FEM with
those derived from analytical calculations. The relative error (E _r) for w_max between the
analytical and numerical results is less than 0.336%. We ran simulations using ANSYS,
MATLAB and its PDE toolbox to get our results.

Keywords: bulge test technique; mechanical behavior; micro/nano electro-mechanical sensors
(MEMS/NEMS); basalt fiber reinforced polymer (BFRP)

1. Introduction

The size of the diaphragm, whether micro or nano, plays a crucial role in various
engineering and bioengineering applications, like micro electro-mechanical sensors
(MEMS) and Nano electro-mechanical Sensors (NEMS). For instance, pressure
sensors typically feature a micro- or nano-sized diaphragm that bends when there’s a
pressure difference.

Getting accurate measurements of material properties during the fabrication of
both MEMS and, more recently, NEMS can be quite challenging, especially since
these properties can depend on how they’re made.

Moreover, the rapid advancements in using structural elements like diaphragms
at the micro and nano scales in MEMS/NEMS have created challenges in modeling
these tiny structures. It’s been shown that size effects significantly impact the
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mechanical behavior of materials [1,2]. This emphasis on size effects has led to more
focused research on the behavior of nano-structures and nano-materials [3—5].

1.2. Literature review
1.2.1. Nanofibers manufacturing

Nanofibers with diameters around 1 nanometer (nm) represent the extreme,
molecular scale of fiber technology, often described as sub-nanometer or single-
molecule chain fibers. These ultrathin fibers are produced using specialized techniques
such as electrospinning from ultra-dilute polymer solutions, e.g., polyacrylic acid
(PAA) and analyzed via Atomic Force Microscopy (AFM). Electrospinning from
ultra-dilute polymer solutions is an advanced nanofabrication technique that allows
for the creation of sub-nanometer fibers (SNFs), which typically have diameters below
1 nm (often reported between 0.17 and 0.63 nm) [6].

The manufacturing process can be adjusted to produce basalt fibers with
diameters in the size range of 1 nm, with specialized methods like centrifugal injection
or specific flame methods. The nanofillers used in manufacturing nano systems
involve incorporating nanofillers-reinforced polymer matrices to significantly
enhance mechanical, thermal, and electrical properties. These materials are utilized for
high-performance applications in aerospace, automotive, biomedical (drug delivery),
defense, and electronics, enabling the Clean Energy Sector and Power Grids, for
example, improved strength and, in some cases, multifunctional, lightweight, and
durable components [6].

1.2.2. Composite materials behaviors

Lately, there’s been a noticeable surge in interest and use of fiber-reinforced
polymer composites in several systems. This spike is largely because they boast a
fantastic strength-to-weight ratio and corrosion resistance that really outshine
traditional materials like aluminum and steel. Thanks to some solid research and real-
world applications, these composites have found their way into various fields,
including mechanical, civil, aerospace, and automotive engineering. A lot of analytical
and practical studies have been done on things like fatigue and creep damage
mechanisms, as well as on durability, reliability, and how these materials perform over
time in both normal and extreme conditions [1].

In the beginning, composite materials consist of three parts: the matrix, the fiber-
matrix interface, and the fiber itself. They don’t all fail at the same time because they
have different ultimate properties. When it comes to mechanical repeating loading,
such as happens to the diaphragm in bioengineering sensors and MEMS, these
materials typically go through three stages before failing. Phase I is when the matrix
starts to crack, followed by Phase II, which involves local delamination that happens
as the matrix cracking progresses. Finally, in Phase III, we see the actual rupture,
which is the result of the consolidation of that local delamination. We can check out
Figure 1 for a visual representation of this process [2].
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Figure 1. The failure mechanisms phases.

Understanding the failure criteria for composite materials is really important
when it comes to measuring things like BT or any other sensor data. These criteria
give us a way to predict when a composite structure might fail under certain loads,
which is key for designing structures that can handle expected stresses and strains.
Plus, they help improve the accuracy of sensors that are used to monitor potential
damage.

These failure criteria also play a role in how we read sensor data for signs of
damage. For example, if a composite structure experiences a load that goes beyond
what we expect it to handle, a sensor can pick up on changes in strain or other metrics
that suggest damage has happened. Table Al in Appendix B shows the key failure
criteria.

1.2.3. The diaphragm’s behavior study

To grasp the thermomechanical behavior of nanostructures, numerous studies
have been conducted on both modeling and measuring their thermomechanical
characteristics, particularly under vibration and buckling loads [7—10]. The dynamic
behavior of nanosized components actuated by thermal and piezoelectric means in
magnetic fields has also been explored by Ebrahimi and Barati [11-13]. Piezoelectric
actuators, commonly used in NEMS, have been studied under various load conditions
[14,15], while the effects of shear stress on NEMS under different loads have been
examined as well [16—18].

The bulge test is a well-known non-destructive method for assessing the
mechanical properties of diaphragms. It allows for characterization of residual stress,
elastic modulus, Poisson ratio, and other key parameters like strength and fracture
toughness, all while keeping sample preparation relatively straightforward compared
to other techniques. In this test, uniform pressure is applied to one side of a free-
standing diaphragm, leading it to curve toward the opposite side. The relationship
between the static pressure ‘P’ and the membrane deflection ‘w’ can then be used to
derive mechanical properties.
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That said, the accuracy of these results is heavily influenced by several potential
errors related to geometry, sample holders, interferometry measurements, pressure
readings, and the analytical model used in the load deflection equation. This current
study aims to address these error sources to improve the analysis for new materials
that haven’t yet been utilized in micro/nano sensors. In particular, symmetric cross-
ply BFRP laminated composites known as NRD are being tested. This material was
selected because it serves as a viable and promising alternative to metals, thanks to its
high stiffness-to-weight ratio, corrosion resistance, sustainability, and improved
fatigue resistance and damage tolerance capabilities. Investigating this material is the
main goal of the work.

1.2.4. The laminate composites test techniques

There are a couple of main ways to test laminate composites: destructive testing
and non-destructive testing (NDT). Destructive testing involves various experimental
methods and visual inspections on-site to evaluate samples for potential failure. This
could include tests like tensile, compression, inter-laminar shear, and fracture tests.
Some of the usual destructive methods for laminate composites are sectioning,
bending, and fractography [19].

On the other hand, NDT techniques have been really helpful for assessing
laminate composites in place, allowing us to check their structural integrity effectively
[20,21]. A breakdown of the different types of NDT is shown in Figure 2.
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Figure 2. The different types of NDT in laminate composites.

1.2.5. Bulge test principle

The bulge test measures how a diaphragm deforms when subjected to different
pressures. Figuring out the relationship between that pressure and the resulting
deformation isn’t straightforward.

A lot of research has been done to understand how materials behave and what
characteristics they have during bulging. For instance, the first applications of this
testing method were reported by Hill [22] and Mellor [23], focusing on the bulging of
circular diaphragms. Chater and Neale [24], took a close look at how circular
membranes act under uniform hydrostatic pressure, particularly for materials with
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unique plastic properties. They laid down the foundational equations for pressurized
membranes. [lahi [25] and Ilahi and Paul [26] explored how anisotropic aluminum
sheets behave under hydrostatic bulging, comparing their experimental findings with
theoretical predictions.

In 2017, Altabey [27] investigated how micro circular diaphragms behave
thermally and mechanically using the bulge test, deriving partial differential equations
(PDEs) to establish an analytical model, which showed promising alignment between
finite element and analytical models.

The goal of the theoretical and numerical work so far has been to accurately
predict how metals respond during hydrostatic bulging and to understand the
relationships between pressure, strain, and geometric changes. Storakers [28] was
among the first to apply numerical solutions to bulge tests, analyzing plastic
deformation in circular membranes under one-sided hydrostatic pressure. He provided
equations for stress and strain during the deformation of materials with parabolic
stress-strain curves, and tackled various special cases. After that, several researchers
started using numerical solutions to streamline their experimental processes,
validating results from both experimental and theoretical approaches. Ahmed and
Hashmi [29], examined how combined pressure and in-plane compressive loads affect
sheets using the finite element method, considering the die-sheet contact conditions.
They also analyzed scenarios with just pressure to compare the results. Wan et al. [30]
looked at tensile residual stress in clamped plates or membranes subjected to uniform
hydrostatic pressure or central loads from a cylindrical punch, deriving analytical
relations based on average membrane stress and comparing them to finite element
analyses. Over the last few decades, numerical solutions have become essential in the
bulge test technique for determining the mechanical characteristics of metals.

Since then, research on the bulge test technique has shifted toward investigating
its reliability and accuracy in assessing the mechanical properties of diaphragms. For
instance, Itozaki [31] found that ignoring the initial height of membranes in analyses
leads to misleading nonlinear elastic behavior of the diaphragm. Small et al. [32]
studied how initial conditions like diaphragm wrinkling and residual stresses affect
outcomes, using finite element analysis. Various studies have evaluated the accuracy
and reliability of bulge tests [33—40]. These authors note that while determining the
plane-strain modulus from the plane-strain bulge equation is generally reliable,
calculating residual stress can be less satisfactory, particularly at low levels.
Ultimately, some researchers have proposed approaches for analyzing bulge test data
to enhance the accuracy and reliability of these techniques.

1.3. Current contribution

The plane-strain bulge test is an effective method for assessing the mechanical
properties of diaphragms. In this approach, you can figure out the stress-strain curve
of a diaphragm by looking at how the laminated NRD responds to pressure and
deflection, as shown in Figure 3. When a diaphragm is in a state of plane strain, both
stress and strain are evenly spread across the width of the membrane, allowing us to
come up with straightforward formulas for stress and strain [41].
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Figure 3. The geometrical model of the bulge test for the BFRP composite NRD subjected to in-plane (pre-stressed)
load Nx and NY with clamped edges (CCCC).

3. The Bulging Test Model for NRD

3.1. Physical Model

Figure 3 shows the geometric model of the BFRP laminated composite NRD
before and after deformation on both the left and right sides. In the figure, you can see
that the NRD has a length in the x-direction (labeled as a) and a length in the y-
direction (b), along with a thickness (h,). Initially, the NRD is pre-stressed under a
radial stress g, to ensure that the initial deflection is zero before applying the load, and
then it is clamped between two plates. The lower side of the diaphragm is exposed to
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a differential pressure (P), which causes it to deform the laminated composite NRD.

The BFRP laminate composite pipe was made up of five layers of basalt fiber
arranged in the orientation [0°/90°/0°/90°/0°]s, combined with a polymer resin
matrix. It has a length of 100 nm in the x-direction and 50 nm in the y-direction, with
a thickness of 1 nm for each layer. The elastic modulus values are E; = 93.5 GPa,
E, = E3 = 20 GPa, while the shear modulus values are G; = G3 = 2.35 GPa and
G, = 8.5 GPa. For the Poisson coefficients, we have v; = v; = 0.28 and v, = 0.3,
and the overall density is 2700 kg/m?, the volume fraction V¢ = 0.53 (where the
specifications of BFRP are presented in Table 1) [17].

Table 1. BFRP Specifications [17].

Parameter BFRP
Fatigue Life N¢ 6.12 x 10*
Young’s Modulus of Matrix E,,(GPa) 4.06
Volume Fraction of Matrix V, 0.43
Young’s Modulus of Fiber E¢(GPa) 97
Volume Fraction of Fiber V¢ 0.53
Young’s Modulus of Composite E,(GPa) 92
Polymer Melting Point T, (°K) 446
Fiber-Matrix Interface Strength f* 0.52
fatigue stress S¢(MPa) 137
Ultimate Tensile Stress S, (MPa) 1409
Minimum Fatigue Stress 6,,,;, (MPa) 142
Maximum Fatigue Stress 6,,,, (MPa) 139
Stress Ratio R 0.10
Percentage of Drop in Stiffness n 1.66

3.2. Mathematical Model
3.2.1. The Assumption

1. The displacements in the x and y directions i.e. #, and v, are very small so we
can be neglected and the effective equation that is the equation at the direction of

the deflectionw, .

2. The steady state condition, so we can be neglected the change of deflection w,

with the time ¢.

3. The pre-stressed rectangular thin plate in the hydraulic bulge system the in-plane

Load are in x and y direction only i.e. N =0.

4. The plate with thickness / subjected to uniform pressure load P.
5. The plate is symmetric cross-ply laminates.

It is known that classical Laminated Plate Theory (CLPT) cannot be applied
directly to nano-sized plates in its original, local form, while the CLPT is an effective,
simple approach for thin, macro-scale, composite laminated structures, it fails at the
nanoscale because it ignores small-scale (size-dependent) effects, which are critical at
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that level. To make CLPT applicable to nano-sized plates, it must be modified to
include nonlocal continuum mechanics by adding the nonlocal elasticity theory, which
is integrated into the governing equations of CLPT to account for small-scale effects.
Where in nonlocal continuum mechanics, the stress at a specific point in the nanoplate
is not just a function of the strain at that point (local), but a function of the strains of
all points in the entire body. The governing equations are modified by incorporating a
nonlocal parameter (uV?) (Appendix A.1.1.) that represents the internal length scale
(atomic distances), making the analysis size-dependent. The derivation of governing
PDE in current laminated NRD including nonlocal elasticity theory are presented in
Appendix A, herein, the results of derivation are become:

YW o + 20 Wy + W, + e W+ o, W, = P (1)
D D, +2D N Ny — P

where: y, =—1, WZZM, 0!1=—X,062: Y’ P=—"" D, is
Dzz D22 1)22 ])22 l)22

the diaphragm’s flexural rigidity, p is the nonlocal parameter,.
The maximum deflection (see Appendix A) is obtained at the diaphragm center
(x = a/2andy = 0), where:

= -l — ¢, tanh’(g, ) 1
— _1 m m _ 1
s 3 10| ) ) ©
Let’s take a look at a basic parallelepiped shape cut from the diaphragm, as

illustrated in Figure 4. We’re going to consider positive internal forces and moments
acting on the nearer faces of this diaphragm element.

Figure 4. The shear forces and moments on a laminate.

For the bending moment M, M , and Mxy (see Appendix A) may thus be

expressed:
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where, W is the nonlocal parameter, for shear force O, and Qy (see Appendix A) may

thus be expressed:

H i [ [ (%ﬂ] _(D12+4D66)( ¢] COSh(M#yJ

[ m—ﬂ] - (D, +4D66)(2¢ J J( it y]smh quz”yJ+D“(m—ﬂ] Vn (6)
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Dzz[ - j Jsmh[2¢¢yj
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where, p is the nonlocal parameter, the maximum stresses 0, , O, and 7, take place

H i { [(D12+4D66)[

m=1,3,5,

+

on the surfaces Z =+h/2 (see Appendix A), may thus be expressed:

ol ) o] ]
a b a a
—D22(2¢m TJ(—M’”J} jsinh(—z%y j— 2C,,1D22(%j2 cosh(z%y j:lsin(mﬂxj
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where, p is the nonlocal parameter, for the strain &, &€, and 7,, (sec Appendix A)

may thus be expressed:

Ey = —z,u(ﬁJ {— B, cosh(w—’”yJ -C, (M—myj sinh(w—’”yJ - 74 sin(MJ (11)
a b b b a
Ey = _Zﬂ(%j {Bm cosh(w—myj +C, (( 26,y j sinh( 26,y j + ZCosh(M—myjﬂ Sin(wj (12)
b b b b b a
Yy =—Z ﬂ4ma—7;¢%{ B, sinl{MTmyj +C, ((M%jcos{w%j + sinh(z(’éTmyjﬂcos(%j (13)

where, p is the nonlocal parameter.

3.2.2. The laminate NRD thickness distribution

The membrane theory is often applied to figure out the flow stress curve using
the bulge test [42,43], as shown in Figure 5. This theory tends to ignore bending
stresses through the thickness of the diaphragm, so it mainly works for diaphragms.
For the bulge test, it provides a specific relationship between stress, strain, and
diaphragm geometry. Let’s look at how this applies to free forming of a laminated
diaphragm. The current half arc length of any meridian that goes through the dome’s
apex is denoted as Ra, where R is the radius of the dome and o is half the angle formed
by the dome’s surface at the center of curvature (again, see Figure 5). The initial half
arc length for the meridian in question is a, which means it’s stretched
2Ra/a = a/sin a a certain times. Given the symmetry, we can conclude that the main

positive strains are equal to one another, and the thickness at the dome’s apex will be
equal as well.

. 2
a
h, :ho[”z J (14)

Because the clamp stays intact during the forming process, there’s hardly any
deformation around the edges. However, the area closer to the edges gets stretched
quite a bit «/sin & , which leads us to conclude that the thickness of the dome at the

edges is:

hP:ho(sina] (15)

a

At a certain point during the deformation, point M shifts to point M’, and point O
moves to 0’, as illustrated in Figure 5. Let’s denote ¥ as the angle between the
symmetry axis and the dome radius that connects to point M’. The latitude that goes

10
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through point M’ gets stretched by a certain factor, and you can determine the dome
thickness at point M’ with the following method:

X | sina
hﬂl{;]( " ) (16)

Taking into account that x = Rsin¥, xqo = ca/2 and ¥ = ca the dome

thickness at any point could be calculated from the following Equation (15):

bd sina )’
h:ho[sinﬁt’j( a ] a7

The radius of curvature, see Figure 5, is:

2 a
R:%,a:sin_l a ,\P:ta,n_1 X and S =
2w R S tana

max

You can determine the dome thickness at any point using Equation (17), which
takes into account the values of (a, Wy, 4y, hg, X):

[ (i 18
hy (ﬂz] (:uzlj (18)
2aw

where: g4 = 75—, [, = Sin_l(:ul )’ H; = tan l(ﬁtan (luz ))a Hy :Sin(:uS)
(@+w_) a

Figure 5. Schematic of deformation modeling.

4. Results and discussion

Figures 6—9 show how the NEMS material behaves mechanically, we can see a
typical example of Nano-deformation, which includes deflection and strain, for a NRD
with geometrical and physical properties as shown in Section 3.1.

4.1. Convergence study and accuracy

In this section, we look into how well the proposed method converges. We
calculate the residual stress, gy, and Young’s modulus using the technique we’ve

11
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presented, and then we compare these results with what’s already out there in the
literature. You can see a convergence and comparison study for SizN4 diaphragms in
Table 2. Silicon nitride (Si3N4) is commonly used in MEMS devices because of its
excellent chemical and mechanical properties.

We compare our computational results with existing values from previous studies
[44—46]. We found that our results match up quite closely.

Table 2. Convergence study of the residual stress 60 and Young’s modulus of the SisN4 diaphragms.

Tabata et al. [44] Present Vlassak and Nix [45] Present

Edwards et al.[46] Present

Residual stress oo 1 GPa

Young’s modulus 290 GPa

0.965 GPa 150 MPa 147.82 MPa 130 MPa 127.78 MPa
287.8 GPa 222 GPa 221 GPa 258 GPa 255.6 GPa

o
o
/

The Nano-Deflection w _(nm)

Lateral distance (b) (nm)

4.2. BFRP nano rectangular diaphragm (NRD)

In Figure 6, you can see that the transverse Nano-deflection wo increases as the
NRD longitudinal distance (a) along the x-direction goes up, while it decreases when
the NRD lateral distance (b) along the y-direction increases. The highest Nano-
deflection of W 4, = 7.0527 nm occurs at a pressure of 10 Pa at the center of the
NRD, specifically when a = a/2 and b = 0.

Figures 7-9 illustrate that the distributions of Nano-strain, namely &, €, and yy,,
(in nm/nm), are symmetric in both the longitudinal and lateral directions. This
symmetry means that the strain behavior in one quarter of the NRD mirrors that of the

corresponding quarter along the NRD axis. The peak Nano-strain values of €, €, and
Yxy are 0.43504, 0.53257 and 0.38729 (nm/nm), respectively, and these occur at

a pressure of 10 Pa.
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Figure 6. The 3D Nano-deflection distribution along NRD for BFRP composite material with [0°/90°/0°/90°/0°]

laminate layer angle.

In Figure 7, we see that the Nano-strain &, goes up as the NRD longitudinal
distance (a) increases along the x-direction, but it decreases when the NRD lateral
distance (b) increases along the y-direction. The highest Nano-strain &, actually
occurs right in the center of the NRD when ata = a/2 and b = 0.

12
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On the other hand, in Figure 8, the Nano-strain ¢, is zero (nm/nm) across most
of the NRD surface, except for the ends of the diaphragm. Here, &, increases with an
increase in the NRD longitudinal distance (a) along the x-direction at both ends, with
the peak value happening at the center edge of the NRD when a = a/2 and b = £ b/2
. But, at the other edges along the y-direction, the Nano-strain &), remains at zero
(nm/nm).
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Figure 8. Nano- strain &, (nm/nm) distribution along NRD for the BFRP composite material with [0°/90°/0°/90°/0°] ¢
laminate layer angle, contour profile at right and 3D profile at left.

In Figure 9, you can see that the Nano-strain yy,, is zero (nm/nm) right at the
center of the NRD when a = a/2 and b = 0. As you move along the longitudinal
distance (a) in the x-direction starting from a = a/2, the Nano-strain y,,, drops from
its maximum to zero (nm/nm), and then it actually rises back to its peak. On the flip
side, as the lateral distance (b) in the y-direction increases, the Nano-strain yy,, grows
from zero (nm/nm) to its maximum, and then it decreases back to zero. The highest
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Figure 9. Nano-strain y,, (nm/nm) distribution along NRD for the BFRP composite material with [0°/90°/0°/90°/

0°]s laminate layer angle, contour profile at right and 3D profile at left.

Figure 10

contour profile.

shows how stress is distributed across the thickness of the NRD in the
You can see that the stress is balanced on both sides of the midplane.

Above the midplane, there’s tension, while below it, the material experiences

compression. Both areas see a maximum stress of about £3.637 Pa at a pressure of

10 Pa, and right at the midplane, the stress is zero.
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Figure 10. The stress distribution across the NRD thickness in the contour profile.

In Figure 11, we adjusted the differential pressure from 10 to 25 Pa in

increments of 5 Pa. This was done to measure the transverse Nano-deflection wo. As

the figure indicates, as we ramped up the pressure (P), the transverse Nano-deflection
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wo went up, with the maximum Nano-deflection w ,,,, ranging between 7.0527 and
28.21 nm.
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Figure 11. Nano-Deflection profile with differential pressure of NRD for BFRP
composite material with [0°/90°/0°/90°/0°]¢ laminate layer angle.
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Figures 12 and 13 illustrate how stress relates to the Namo-strain of NRD when
the differential pressure varies between 10 and 25 Pa, going up in increments of 5 Pa.

Looking at Figures 12 and 13, it’s clear that as stress and pressure (P) increase,
the Nano-strain rises as well. The maximum Nano-strain ranges from 0.43504 to
1.74 (nm/nm) for &, , and from 0.06177 to 0.2465 (nm/nm) for &, and ¢,
respectively. This relationship is crucial for engineering analysis since we can
determine the Young’s modulus E of the NRD material based on the slope of this
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linear relationship £ = Ao /A& . Consequently, we can express Young’s modulus E,
which came out to be 42.01 GPa for E, and 58.63 GPa for E and E),.
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Figure 12. Stress and Namo-strain relationship at x-direction with differential pressure of NRD for BFRP composite
material with [0°/90°/0°/90°/0°]¢ laminate layer angle.
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Figure 13. Stress and Namo-strain relationship at y-direction with differential pressure of NRD for BFRP composite
material with [0°/90°/0°/90°/0°]¢ laminate layer angle.

Understanding how the Nano-thickness deformation behaves in the NRD is
crucial for enhancing its mechanical properties, especially to ensure the diaphragm
can endure bulging loads, which is key for NEMS reliability.

In Figure 14, you can see how the Nano-thickness changes with pressure
variations. The thickness (h) drops from 5 to 4.883 nm as the pressure (P) goes up
from 0 to 10 Pa in both directions. At the same time, the Nano-strain (&5,) increases as
the applied pressure rises in both directions.
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Figure 14. The relation between differential pressure (P) and the thickness nano-deformation of NRD for the BFRP
composite material with [0°/90°/0°/90°/0°]s laminate layer angle.

Figure 15 illustrates how the NRD deforms under a pressure of P = P; = 10Pa
numerically using ANSYS software (ANSYS 14), showing the 3D contour mode.
From the figure, we can see that the highest deflection happens ata = a/2 and b =
0, where the maximum deflection wy,,, reaches 7.1 nm. When we compare the
maximum deflection from the FEM to the results from analytical calculations, we
notice they’re quite close.

X, nm 100 ¢ y, nm

Figure 15. The diaphragm 3D deformation.

4.3. Accuracy and reliability evaluation of the current analysis for NRD

To calculate the error between analytical and numerical results to evaluate the
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accuracy and reliability of the current analysis for NRD, we primarily use two metrics:
absolute error and relative error. These methods quantify how close the numerical
solution is to the true analytical solution.

The absolute error measures the raw numerical difference between the true value
and the approximate value. It provides the magnitude of the error in the same units as
the measured quantity, like this:

Ea = |Xanalytical - Xnumericall (19)

where Xgnaiyticar 1S the analytical solution and Xy merica: 1 numerical solution.

The relative error provides a better sense of the error’s significance by comparing
the absolute error to the size of the true value. It is a dimensionless value and is often
expressed as a percentage (percentage error), like this:

_ |Xanalytical - Xnumericall

E, =

x 100 (20)
|Xanalytical |

Figure 16 presents the relative error (E,) between analytical and numerical
results, the relative error is less than 0.336% for w,,,, between analytical and
numerical results, therefore, the present analysis for NRD gave a good agreement for
the numerical results, even for w4, of NRD.

L P
T

r

The relative error (E ) %

The diaphragm Length a(nm)

Figure 16. The relative error (E,) between analytical and numerical results under
various pressures (P).

5. Conclusion

This study uses bulging tests to explore the mechanical properties of Nano
rectangular diaphragms (NRD) found in Nano Electro Mechanical Sensors (NEMS),
specifically those made from basalt fiber reinforced polymer (BFRP) composite
materials. These Nano-diaphragms are already used as mechanical actuators for
coplanar waveguides within the nanometer wavelength range. The next step involves
leveraging the elastic behavior of these diaphragms by utilizing electrostatic forces to
move them. We’ve established the exact solutions to the governing equations for
laminated NRD. The relationships regarding the mechanical properties of the NRD
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material have been plotted and analyzed. We also discussed the thickness distribution
across the nano-diaphragm to understand its durability under deformation from
differential pressure (P). As a result, this technique has developed to a point where it’s
become a reliable and efficient tool for determining mechanical characteristics. We
calculated the Young’s moduli, E, and E,,, to be 42.01 and 58.63 GPa respectively
for the Nano-diaphragm material with a thickness of 5 nm. The maximum Nano-
deflection, wy, 4, was estimated at 7.0527 nm, occurring at the center of the NRD. In
bulging tests conducted at an applied pressure of 10 Pa, the strain at the center of the
NRD was found to be 0.43504 (nm/nm). The stress across the NRD thickness was
estimated to be +3.637 Pa—tension above the midplane and compression below it.
Notably, the NRD thickness decreased from 5 to 4.883 nm as the applied pressure (P)
rose from 0 to 10 Pa. A comparison was made between the two methods to assess
their accuracy and validity, and we found that the relative error (E,) for w,,,, between
the analytical and numerical results is less than 0.336%, which indicates the FEM
converges well with the analytical model based on our results.

Conflict of interest: The author declares no conflicts of interest to report regarding
the present study.

Abbreviations
BT Bulge test
NRD Nano rectangular diaphragm

NEMS Nano Electro Mechanical Sensors
BFRP Basalt fiber reinforced polymer

FEM Finite element model

PDE Partial differential equation

CLPT Classical Laminated Plate Theory

PAA Polyacrylic acid

AFM Analyzed via Atomic force microscopy
SNFs Sub-nanometer fibers

1 The nonlocal parameter

V2 Laplacian operator in two-dimensional Cartesian coordinate system
E, Relative error

P Pressure

a The diaphragm length

b The diaphragm width

h, The diaphragm thickness

w(x,y,z)  The diaphragm deflection

w, The transverse deflection

U, The displacement at x direction

v, The displacement at y direction

My, My, My, The moments of bending and twisting
Qx, Qy The shear forces

Ox, Oy, Txy  The stresses

Exs Ey The strain

Yxy The thickness strain

p The density per unit area of the diaphragm
R The radius of curvature

D The diaphragm’s flexural rigidity

The stiffness coefficient
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Ny, N d
oy afl In-plane force
xy
0o The biaxial residual stress per unit length
Wonax The Maximum deflection

Ei, E;, E;  The elastic modulus in the ‘1°, 2’ and ‘3’ directions respectively
G12, Gy3, G153 The shear modulus in the ‘1-2°, ‘2-3” and “1-3” planes respectively
Vi2, Va3, V13 The Poisson’s ratio in the ‘1-2°, ‘2-3” and ‘1-3” Planes respectively

E, The absolute error

E, The relative error

& The value of Tsai-Wu damage criterion

Cyy) Cyz Cx; The coupling coefficient for Tsai-Wu theory

Oy, Oy, 0 The local stress components in directions (x), (v), and (z)

Oxy,0yz, Ox; The local shear components
U;{tr U}{t’ szt The local tension and compression strength components in directions
(%), (¥), and (z)

fr .f
JerOer O The local shear strength component

, K

y

Q

The local strength components in directions (x) and (y), respectively
The local shear strength component.

g <
<

Appendix A
Appendix A.1. Formulation

Appendix A.1.1. Local elasticity theories

When it comes to using nanostructures in things like MEMS and NEMS devices, stability analysis is pretty crucial.
There’s already some research out there looking into continuum models for the buckling of carbon nanotubes and similar
micro- or nanobeam structures [47-51]. In quite a few of these studies, including one by Peddieson et al. [52], they
suggest that we should apply Eringen’s [53,54] nonlocal elasticity theory in these models to better predict how these
structures will buckle. This is mainly because nanostructures are affected by their scale. Gibson et al. [55] have
emphasized how important it is to accurately predict the characteristics of these nanostructures. If we’re curious about
nonlocal theories related to bending, buckling, and vibrations in beams, Reddy’s work is a noteworthy reference [56,57].

In traditional local elasticity theories, the stress at a specific point is determined solely by the strain at that same
point. On the flip side, nonlocal elasticity theories suggest that the stress at a given point actually relies on the strains
from all points within the material. As Eringen [53,54] points out, the way a Hookean solid behaves when considering
nonlocal effects can be expressed with this differential constitutive relation:

1-uv¥)o =t (A1)

where, p is the nonlocal parameter, and t is the macroscopic stress tensor at a point which is related to strain by
generalized Hooke’s law

t(x) = S(x): e(x) (A2)

Here, S represents the fourth-order elasticity tensor, and the symbol ":’ refers to the double dot product. It’s clear
that the nonlocal characteristics of the problem stem from the constitutive relations. Importantly, the principle of virtual
work stands separate from these relations, which allows us to use it in deriving the equilibrium equations for nonlocal
plates.
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Appendix A.1.2. The governing PDE

A standard x, y, z coordinate system, as shown in Figure 3, The governing PDE of the study diaphragm subjected
to uniform pressure load are become:
o'w, o'w, o'w — o'w o’w o’w

D, W —2+2(D,,+2D) RS 2+D22?4"+yNX o ° 4 1Ny 8y20 +p aﬂo =P (A3)

OR in contraction form:

D\ W + 2Dy, + 2D W+ Dy W, + uN W, +2uN oW, + uNyW, +p W, =P  (Ad)

XXXX Xxyy wyy

h
where: D, = (y )Z[(QU)] (B =B )s 1 j =123
=1

2

w
For steady state condition——% = 0, Equation (A4) will take the form:
¢

DWW, +2(Dy, + 2D W, + DWW, +uN W, +2uN oW, +uNyW, =P (A5)

For pre-stressed rectangular thin plate in the hydraulic bulge system the in-plane Load are in x and y direction only

i.e. Nyy =0 . Thus, the governing PDE (AS5) are become:

D W, +2(Dy, + 2D )W, + DWW, +uNxW, +uNyW, =P (A6)

xXyy wyy

By divided the Equation (A6) by D,, and introducing the following constants:

D D, +2D Nx Ny — P
Y, = 11al//zz( 2 66)aa1: » O = , P=—
D22 D22 D22 D22 D22

Equation (A6) will take the form:

l//lWxxxx + zl//ZW + W + ﬂalex + ﬂazWyy = P (A7)

xxyy wyy

If you move the right side of Equation (A7) over to the left side, it’ll look like this:

W e + 20, W+ W+ ot W, + ey, — P =0 (A8)

XXXX Xxyy vy

Appendix A.1.3. Levy’s solution of the governing PDE

Levy proposed that the solution of Equation (A8) should be broken down into complementary, wy,; and particular,
wy,, components. Each of these components can be represented by a single Fourier series, with unknown functions
derived from the given boundary conditions (B.Cs). So, we can express the solution like this:

W, =W, +Wwp (A9)

Consider a plate with opposite edges, x = 0 and x = a, clamped edges, and two remaining opposite edges, y =

+ b/2, which may have arbitrary supports. The B.Cs on the clamped edges are:

w o= awo =0
o x=0a ox x=0,a (A10)
w = 0| b 9 awo = 0

21



Journal of Polymer Science and Engineering 2026, 9(1), 11915.

The complementary solution is taken to be:

y)sin(@j (Al1)
a

The function f,, (y) depends solely on y, while wy, meets the B.Cs outlined in Equation (A10). If we substitute

Equation (A11) into Equation (A8) and use the characteristic exponent values we’ve found, we can express the solution
of the homogeneous equation as an exponential function:

£ (y): A,;e’"”y/“ +B,'ne_’””y/“ +M(C,'ne’””y/“ +D;e_’"”y/“) (A12)
a

Or in hyperbolic functions:

f.(y)=A "™/ + Bl eI +M(Cr'ne’””y/“ +D,’ne"””y/“) (A13)
a

The version in Equation (A13) is easier to work with for calculations. On the other hand, the solution from Equation
(A11) can be expressed as:

w, = z {Am sinh(wj +B, cosh(wj _,_M (C smh( j +D, cosh( jﬂ sin(wj (Al14)
m=1 a a a a a a

where the constants 4,,, B, ,C, and D, are obtained from the B.Cs on the edges y = +5/2 .

The particular solution, W5, in Equation (A9), can also be expressed in a single Fourier series as:

way ng s1n( j (A15)

The pressure (lateral distributed) load P(x, y) is taken to be the following:

P(x,y)= ZP sm( ; j (A16)

Here, we’re looking at coefficients that need to be figured out P, (y) It’s pretty straightforward to see that the

formula for specific deflections in Equation (A15) meets the required B.Cs laid out in Equation (A10).
When we plug Equations (A15) and (A16) into Equation (A8) and work through some derivatives, we end up with
a particular solution that looks like this:

0 2
)= 47 » 32)sin(me (A17)

35, (l//lﬂ m’ —a,m’a
Combining Equations (A17) and (A14), we obtain:

_— {Am sinh(@jJer h(ij[c sinh(wj
m=1,3,5,-- a a a a

4Pa* .
+D, cosh(mﬂyj +— 5 Sa ) s1n(mﬂxj
a ﬂ(l//lﬂ'm —-ama ) a

Given how the B.Cs and the loads are set up, we can say that the plate’s deflection will be symmetrical around the

(A18)

X axis, i.e., W (x y) ( y) This works with Equation (A14) if we let 4, =D, =0. So, when we put together
Egs. (A14) and (A17), we get:
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© D4
wo=u E B cosk( j+C i nh(m ; j 4Pa sin(m j (A19)
3 2
m=13.5,: l//lﬁm alma) a

where the constants B,,and C,, are obtained from the B.Cs on the edges aty = +5/2 .

Equation (A19) perfectly meets the requirements of Equation (A8) as well as the B.Cs stated in Equation (A10) at
x = 0 and x = a. Here are the other B.Cs that we need to consider:

ZZo _

W0:0|ib/2 ’ ay

+b/2

We can obtain the constants 4, , B, ,C, and D, exactly satisfy Equation (A19) and the B.Cs of clamped edges

are:
¢, tanh*(g, ) 1
A =0, B =- = o ,
" 7 ’"H(«zn cosh(g, )+ sinh(g, )4, tanh(g, Jsinn(g, )} | cosh(g, )
C — }/ﬂ‘l tanh(¢l7‘l) D — 0
(4, cosh(g, )+sinh(g, )4, tanh(g, )sinh(g,))” "
here: ¢ = @ _ 4pPa*
Ve o = e T (w7’ —aym’a®)
The deflection of the plate surface, Equation (A19), may thus be expressed:

_ . — ¢, tanh*(g, ) 1 (cﬁmyj
KUY “H@s cosh(g, )+ sinh(g, ) 4, tanh(g, )sinh(g, )) cosh(%)}’“h b

+((¢m oy 2 i 2

The maximum deflection is obtained at the diaphragm center (x = a/2 and y = 0), where:

o e — ¢, tanh*(g, ) 1
Vo =H D, 70(1) K(@, cosh(g )+ sinh(g, )— 4. tanh(g, )sinh(, )) cosh(¢m)j+l} (A21)

(A20)

Appendix A.1.4. laminated NRD moments and shear force

Let’s take a look at a basic parallelepiped shape cut from the diaphragm, as illustrated in Figure 4. We’re going to
consider positive internal forces and moments acting on the nearer faces of this diaphragm element. To keep everything
balanced, there have to be negative internal forces and moments acting on the opposite sides. The first subscript for
these internal forces indicates the direction related to the surface normal where the force is applied. Meanwhile, the
subscripts for the internal bending and twisting moments point to the stresses that generate them.

By analyzing the diaphragm element’s internal forces and moments and doing a bit of manipulation with that data,
we can find the total equivalent shear forces and moments that act on the middle surface. These are what’s known as
the stress resultants and stress couples. The stress resultants include shear forces labeled Q, and @,,, along with the
bending and twisting moments denoted as M, My, and M,

As for the bending moments and shear force in relation to displacements for the symmetric cross-ply laminate
NRD, those are specified as follows:

23



Journal of Polymer Science and Engineering 2026, 9(1), 11915.

o*w o*w
MX = —/LIVZ(DH ?20 +D12 ay;J
o’w, o’w,
MY :—IUVZ(DuaxZ"r‘DzzayZ] (A22)
2
M, =24 D, Ve
Oox

o*w o*w
Oy = _,uvz D, —30 +(D,, + 4D66)—02
ox ox0oy
3 5 ] (A23)

o'w o'w
=—uV?| D,y —2+ (D), + 4Dy ) —2
Oy H [ 2 P (Dy s6) ox’y
Looking at Figure 4, we can relate the bending and twisting moments, along with the shear forces, to the stress
components.

M, g Ox
M, |=u¥* || oy |z dz (A24)
M, ’% Txy
h
2
{QX} =uv? | [TXZ} dz (A25)
Oy il Tz
2

Appendix A.1.5. Laminated NRD stress-strain relations

In the same way, you can express the formulas for the plane stress components, based on Equations (A24), like
this:

12M 12M
oy = h3XZ,aX=TYZ,r :%Z (A26)

XY h3

where M, , M, and M ,, are determined by Equations (A22), clearly the maximum stresses take place on the surfaces
Z =+h/2 of the diaphragm.

Here are the stress-strain relationships for symmetrical cross-ply laminate NRD:

oy &y
Oy :ﬂvz[@] &y (A27)
Txy Y xy
where: [0] = [1] [o] [1,]" and:
| Ey v, E, O_
O, O, O (ILU%UZI) (1_212021)
Qij= On On 0Oy|= AL 22 01,
0, 0n 0,) |17 (o)
12
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cos’ @ sin’ @ 2sin@cosf
[r]=[r]=| sin*6 cos’@  —2sin@cosf | is the transformation matrix,

—sinfcosf sinfcosf cos*O—sin’ O

cos* 6 sin’ 0 —sinBcost
=TI [R] [R]" = sin’ 0 cos* 6 sin@cos 6
[71"[R] [R]

2sin@cos@® —2sin@cos® cos® O—sin* 6

1 00
[R] =10 1 O] is the simple matrix.
0 0 2
The strain relations for NRHF are provided by:
o*w o*w o*w
gy =—z2—2, Ey=—Z > =-2z 2 A28
X o Y ayz Y xy ondy ( )

For the bending moment M, M , and M v substituting Equations (A20) and (A22) may thus be expressed:

wien 3, o) o8] Joa el clals]
_p,[ % mj }( jsmh[ ";)y j 2CmD12(2;f’”j cosh( "Zy ﬂsm[ ’ j
wes 5 ofoff o (e almf ool

-D,, 24 ’"j J( Pl jsmh(zqé’”y )— 2CmD22(%j cosh(2¢’”y ﬂsin(mﬂxj
b b b a
=Hu i D66 [ B, s1nh( ¢”’y) Cm((zi”yjcosh(zi"yj+sinh(2¢l;”yJﬂcos(anj (A31)

For shear force Q. and Qy substituting Equations (A20) and (A23) may thus be expressed:

3 [0, 02 000 () o 202)
m=13,5,: a
C. _”[Dn(m”J — (D, + 4D66)( 20 j J( 2¢myJSinh[ 2¢myj + Dn(ﬁJ Vm (A32)
a a b b a
—2C, (D), +4Dg)— =2 [2¢ ] Osh(mﬂ cos[w)
b b a
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m=1,3,5,

[(D12 + 4D66)( j —D22(2¢” j Jsmh( 29, yj
a b b
P ((D12 + 4D66)[—m i j - Dzz( 20 j J[—Z‘émy j cosh( 26,) ] (A33)
b a b b b
cm((w%)(m_q 26, 3, %:) }mh(zﬂj}m(wj
a b b b a

By plugging in Equations (A28), (A30), and (A31) into Equation (A26), we can derive expressions for the plane

[\

+C,

stress components. Similarly, the formulas for those components based on Equation (A26) can be expressed in this way:

12M 12M 12M
Oy = X ,O'Xz—hYZ,TXY:—3XYZ

h3

where Mx , M , and M + are determined by Equations (A22). Clearly the maximum stresses take place on the surfaces

o 8 () ol ol ()
2] o2 el )

oy = H iZ—EZ[ [ (a”j Dzz( cosh( ¢yJ+DIZ(%T+C[ 12(%T
_DQZ(me) J(Z myjsmh ¢my] 2C,D, (2?] Cosh( ¢myﬂ (Tzzx]
5 Bt (o) o) oo

For the strain €., €, and },, substituting Equations (A20) and (A28) may thus be expressed:

Ey = —zy(m—ﬁj {— B, cosk(wj - Cm(2¢my j smh( 20,7 j Vo } sin(mj (A37)
a b b b a
&y = —zﬂ(%j {Bm cosk(zqﬁ—'”yj +C, (( 20, j sinh( 20, j + ZCosh(%jﬂ sin(wj (A38)
b b b b b a
Yy = 'u—ab {Bm smf(—b ) +C, (( 5 jcosh( 5 j + s1nr(—b )HCO{_a j (A39)

Z =%h/2, the stress 0,, O, and 7,, may thus be expressed:

(A34)

~—~

;/

(A35)

Appendix B
Table Al. Failure criteria of the composite materials [9,10].
No.  Failure criteria Mathematical formula
1 Max. stress =F,0,=E, oh=F,
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Max. strain - — By —
2 Ox = Fy +vyy0y, 0y = F, + Uy z Oy, Oxy = Fyy

Tsai-Wu If the criterion used is the “strength index”:
E=A+B
And if the criterion used is the inverse of the “strength ratio”:
L g=10/(-2+/B/24)7 + 1.0/A)

where: ¢ = value of Tsai-Wu failure criterion:

2. A= (}Tx); (?y)f (?z)f + (”xy)z + +( yz)z +
) (o)

Uxta- Gytoyc Uzt zc
3 2
(0xz) Cxy0x0y Cyz0y02 Cxz0x02
f 2
(UXZ) 0. t”xca'ytoyc Ja'ytoyca'ztozc U';Ct"'f U'zfto'f
1 1 1 1 1
3. B=(—f+—f)0x+ Tt 0y+(—f+
Uxt Oxc Uyt Uyc Uzt
1 ) c
7 )9z
O-ZC
Cxy, Cyy, Cxy =X — Y,y — Z,X — Z, respectively.
Hashin Fiber and Fiber Failure Crlterion
; 2
Matrix ( oy o2y +0%,
N 2 Ox >0
Tt (”xy)
= e
X
L (F) =<0
. . o-xc . .
Matrix Failure Criterion
4 4. ¢=

2
<Jy+uz> 03,-0y0, | 0%y+0Z,

+
7 (o) (oh)

2 2
f 2 2 2
1 0. gy +0. 0yz—0y0, OxytO:
2] —1)(oy+0,) +(ZF | + 222+ 2
o, 207 Y z 207 f f
ye vz vz (O-J’Z) (UXJ’)

These criteria are employed for fatigue development, damage simulation, and stress analysis.

gy +a0,>0
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